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In these notes we define tensor products of modules over a commutative ring
with unity and prove the universal property. We also discuss various properties
of tensor products. Throughout R denotes a commutative ring with unity. The

notes are based on Chapter 2 of [1].

1 Universal property of Tensor Products

In this section we introduce the notion of tensor product of modules.

Definition. Let M, N and P be R-modules. A mapping f : M x N — P
is called R-bilinear if for each x € M the map y —— (z,y)f from N into P
is R-linear and for each y € N the map x —— (x,y)f from M into P is also

R-linear, i.e.,
(@121 + asxa,y) f = a1 (x1,y) f +az (22,y) f, Y a1,20 € M and V ay,a0 € R

and

(z, 191 + asyp) f = a1 (z,31) f+az (x,y2) f, Vyr,y2 € N and V aq, a0 € R.

The motivation® for tensor product of two R-modules M and N is to construct
an R-module T" with the property that the R-bilinear mappings from M x N
into P are in a natural one to one correspondence with the R-linear mappings

from T into P, for all R-module P, more precisely we have

Theorem 1.1. Let M and N be R-modules. Then there exist a pair (T, g)
consisting of an R-module T and an R-bilinear map g : M x N — T such that
for given any R-module P and any R-bilinear map f: M x N — P, there exist
a unique R-module homomorphism f' : T — P such that f = gf’, i.e., the

following diagram commutes

MxN 25T
\lf”
P

Moreover if (T",¢') is another pair with this property, then there exist a unique

isomorphism h : T — T" such that gh = ¢'.

!For a different and a more general approach see Chapter 10, Section 4 of [2]. For tensor
product of vector spaces see [3].



Proof. FExistence. Let F denote the free R-module with basis the set M x N.
Then the elements of F' are formal R-linear combinations of finitely many ele-
ments of M x N, i.e., an arbitrary element of F' is of the form

n

Zai (i,yi), a; € Rand (x;,y;) € M x N.

=1

Let D be the submodule of F' generated by all elements (formal sums) of the

form
(z+a',y) = (z,9) = («,y), (2,9 +y)— (x,9) = (2,9),
(ax,y) — a(x.y) and (z,ay) — a(z,y) for z,2' € M,y,yy’ € N and a € R.

Let T denote the quotient module F//D and z ® y denotes the equivalence class
(coset) to which the basis element (z,y) of F' belongs, i.e.,

z®y=(z,y)+D.

Then T is generated by such elements, so an arbitrary element of T' is of the
form

n

Y ai (@) =Y ai((@,y)+D) =Y ai(vi,y:)+D, (w:,y:) € MxN,a; € R.

i=1 =1 i=1

For any z,2’ € M and y € N, we have

(x+x’,y) (:c,y (z y) € D
= (z+2,y) — (x, (z'y)) + = D
= (z+2"y)+ D — (x, y)+D (@y)+D = D
— (z+2y)+D = (x,y)+ D+ (z'y) + D,
(z+2)ey=r0y+r' @y (1)

A similar argument shows that for any x € M and y,y € N
r@W+y)=r0yt+tay. (2)

Now for any a € R and (z,y) € M x N, we have

(ax,y) —a(z,y) € D
== ((az,y) —a(z,y)) +D = D
=  (ax,y)+D —a(z,y)+D = D
= (ax,y)+D = a(z,y)+ D,



(ax) @y =a(r®y), (3)
and similarly
z @ (ay) = a(r@y). (4)

Let g : M x N — T be a map defined by (z,y)g = x®y, then from the equations
(1), (2), (3) and (4), we have that g is R-bilinear. Let P be any R-module and
f i+ M x N — P be any R-bilinear map. Since F' is a free module with basis
M x N, so by the universal property of free modules the map f extends linearly to
an R-module homomorphism (say) f : F — P such that the following diagram

commutes
Mx N —25 F

o

where « is the inclusion map. Define a map f': T = F/D — P by

(x®y) f = (z,y)f = (x,y)f (. f, f coincide on M x N). (5)

To show that f’ is well-defined we first prove that f maps generators of D to the
zero element of P. For any z,2’ € M and v,y € N, we have

(42" y) = (z,y) — (@ y) [ =@+ y)f — (@,9)f — @, y)f (. [is R-linear)
= (x+2y)f — (x,9)f — (@, y)f (by (5))
=(x,y)f + (@, 9)f — (z,y)f — (z,y)f (. f is R-bilinear),

i'e‘7 ((l’ + xlay) - (l‘,y) - (l‘/,y)) f_: 07
=0

and similarly ((z,y +y') — (z,y) — (z,9')) f = 0. Also for any a € R
(ar,5) - ales ) F = (2, )f —a((w,9)f) [ is Rrlinear
= (az,y)f —a((z,y)f) by (5)
=a((z,y)f) —a((z,y)f) . fis R-bilinear,
=0,

Le., ((CLZL‘,y) —a(ﬁ,y))f:(),

and similarly ((z,ay) — a(x,y)) f =0. Let v ® y = 2’ ® ¢/, then

(.Qj,y)—l-D:([B/,y/)—i—D — (xvy)_(l./ay/) €D7



e, (z,y) — («',y) = Zaidi, for some generators d; of D and a;, € R. Now as
f vanishes on generators of D, therefore we have that

((l’,y) - (xluy/)) f = (Z azdz> f: Zai (dz) f: 0,

(2

which implies that (z,y)f = (z/,¥')f, and hence in view of (5), we have that
(z@y)f' = (' @y)f,

i.e., f"is well-defined. The map f’ is infact an R-module homomorphism (verify).
By definition of g and f’, we have that for any (z,y) € M x N

(@, 9)f = (@@y)f = (z,9)9) '
ie., f = gf or the following diagram commutes

MxN 25T

\ ]ljf/ (6)

Uniqueness of f'. Let fi; be another R-module homomorphism from 7" into P
such that f = ¢gfi. Then for any (z,y) € M x N, we have that

(z,y)f = (z,9)9fi = ((z,9)9) /L = (@ Y) f1.
Now f = gf’ implies that
(z,9)f = (,9)9f" = ((x,y)g) [' = (x@y)f"

Therefore from the above two equation, we have that

(z@y)h=(zey)f,

which in view of the fact that the elements z ® y generates the R-module T
implies that f; = f/, i.e., f’ is unique.

Uniqueness of the pair (T,g). Suppose that (7”,¢') is another pair with the
given property. Taking (7, g) as the initial pair and replacing (P, f) by (1", ¢)



in the commutative diagram (6), we have that there exist a unique R-module

homomorphism ¢ : 7' — T” such that

MxN—2 7T
gt =4, \ lt (7)
g
T/

Now taking (7”,¢’) as the initial pair and replacing (P, f) by the pair (T, g)
in the commutative diagram (6), we have that there exist a unique R-module

homomorphism ¢ : T — T such that

Jt' =g, x lt/ (8)

On combining the commutative diagrams (7) and (8), we get
Jgtt=¢q¢ and gtt'=¢,
i.e., tt’ and t't makes the following two diagrams commutative

MxN—257T MxN -2
NS N
T/ 17 T 1
y |
T T

But gly = g and ¢l = ¢/, i.e., the identity maps 17 and 17 also makes the
above two diagram commutative, therefore by the uniqueness property of the

pairs (T, g) and (7", ¢'), we must have that
tt'=1p and t't=1p

which implies that ¢ and ¢’ are inverse of each other, i.e., ¢ is a unique isomorphism
from T into T". H

Definition. Let M and N be R-module. The R-module T" constructed in the
above theorem is called the tensor product of M and N and is denoted by M ® g N
or just by M ® N when the underlying ring is evident from the context.
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Remark 1.2. 1. From the existence part of the above theorem it immediately
follows that for any x,2’ € M, y,3' € N and a € R the following holds:

(i) (z+2)@y=2r0y+2' ®v,
(i) 2@ y+y)=r@y+ray,
(iii) (az) @y =a(z®@y)=2® (ay).
In particular from (iii), we have that z ® 0 =0® y = 0 (Why?).

2. From Theorem 1.1 it is clear that the tensor product M ® N is generated
as an R-module by the “products” = ® y, where x € M and y € N. If {z;}ies
and {y; }je;s are family of generators of M and N respectively, then the elements
x; ®y; generates M @ N. In particular if M and N are finitely generated, then
so is M ® N. However the notation z ® y has no meaning unless, we specify the
tensor product to which it belongs. For instance the element 2 ® 1 is a zero in
the Z-module Z® Zy (-2®1=2-191=2(1®1)=1®2-1=1®0=0).
But is a non-zero in the Z-module 2Z ® Z,. For if 2® 1 = 0, then as 2 ® 1
generates 27 ® Zs, so it must be the zero module which contradicts Theorem 1.1

(the universal property of tensor products).

3. Like bilinear maps we can define trilinear or more generally multi-linear maps
and obtain an analogue of Theorem 1.1 for tensor product of three of more
modules. For given R-modules (say) M, M, ..., M,, for some positive integer

n, try to restate Theorem 1.1.

2 Properties of Tensor Products

In this section, we discuss some properties of the tensor products of modules.

Property 1. Tensor product is commutative, i.e., if M and N are two R-modules
then
M®NZ=N® M.

Proof. For the tensor products M @ N and N ® M, in view of Theorem 1.1, there
exist R-bilinear maps (say) g: M X N — M @ N and ¢ : N x M — N ®@ M
such (z,y)g =z ®y and (y,x)¢ = y ® x for some v € M and y € N. We now
define amap f: M x N — N ® M by

(z,y9)f=y®z (v,y) € M x N.



Then f is R-bilinear (see part 1 of Remark 1.2). Therefore by the universal
property of tensor product M ® N, there exist a unique R-module homomorphism
(say) f/: M ® N — N ® M such that f = gf’, i.e., the following diagram

commutes
MxN—25 M@N

\ lr

N&®@M

So for any (z,y) € M x N, we have that (x,y)f = (x,y)gf = ((z,y9)g) f' =
(x ® y)f’, which in view of the definition of f implies that

ey f =y (9)
Similarly if we define a map h: N x M — M ® N by
(y,x)h=r®y (y,2) € N x M,

then h is R-bilinear and by the universal property of the tensor product N ® M,
there exist a unique R-module homomorphism (say) ' : N@ M — M ® N

such that h = ¢’h/, i.e., the following diagram commutes

NxM-—25sNeoM

T

M®N
and for any (y,z) € N x M, we have that
(yoo)h =z@y. (10)
Now for any x € M and y € N on using (9) and (10), we have that
(x@y) /A =((zey)f)h =)l =(zez)=(r0y)luey

as r ® y generates the tensor product M ® N the above equation implies that

FH = Tysn. (11)
Similarly we have that

W = 1yen. (12)
Thus from (11) and (12) it now follows that M ® N and M ® N are isomorphic
R-modules. ]



Property 2. Tensor product is associative, i.e., if M, N and P are R-modules
then
MRN)QPEM®®(N®P).

Proof. For each arbitrary but fixed p € P, define f,: M x N — M ® (N ® P)
by
(,y)fp =20y ®p).

Then (verify) f, is R-bilinear. Therefore by the universal property of tensor
product M ® N, there exist a unique R-module homomorphism f;, T MRN —
M ® (N ® P) such that f, = gf}, i.e., the following diagram commutes

MxN—2 s M®N

m lfp 9

M® (N ® P)

where g : M x N — M ® N is R-bilinear mapping (z,y) — = ® y. Now for
any (v,y) € M x N, we have that (z,y)f, = (v,y)g9f, = (x®y)f,, which in view
of the definition of f, implies that

(z@y)f,=r2{Wyep). (13)

As p € P was arbitrary, so if p’ € P and a € R, then p+ p/,ap € P and by what
we have shown above, there exist R-module homomorphisms f;, and f;  such
that for any (z,y) € M x N, we have that

(@) g =20 (p+p)) =20Hp+tyep) =20y @p)+ra(y ),

le.,
(@) = (@ 9) fy + (2, 9)

and (2,y)fo, =2 @ (y®@ap) =z @ (a(y®@p)) =a(z @ (y®@p)), ie.,
(@,9) fop = a(,y) [
Therefore the function ¢ : (M ® N) x P — M ® (N ® P) given by

(r®@y),p) o= (v,9)f,



is R-bilinear. Hence by the universal property of the tensor product (M @ N) ®
P, ¢ induces a unique R-module homomorphism ¢’ : (M @ N) @ P — M ®
(N ® P), such that

(r@y)ep)d =120 (yp). (14)

Similarly we obtain a unique R-module homomorphism ¢’ : M ® (N ® P) —
(M ® N)® P such that

(z®(yop)Y =(r2y) @p. (15)

Now from (14) and (15) it immediately follows that ¢'¢)" and 1((en)ep agree
on the generators of (M ® N) ® P, ie., ¢ = liugn)ep. Similarly we have
that ¢'¢’ = 1ygvep). Thus ¢’ and 9" are inverse of each others, i.e., ¢' is an

isomorphism. O

Proposition 2.1. Let f : M — M’ and g : N — N’ be R-module homomor-
phism. Then there is a unique R-module homomorphism f® g : M @ N —
M' @ N’ such that (x @ y)f @ g = (x)f & (y)g for (x,y) € M x N.

Proof. Define a map ¢ : M x N — M’ ® N' by (z,y)¢ = (x)f ® (y)g. Then
(verify) ¢ is R-bilinear. Therefore by the universal property of the tensor product
M ® N, there exist a unique R-module homomorphism ¢/ = f®g: M @ N —
M'® N’ such that ¢ = ¢/, i.e., the following diagram commutes

MxN—YsMoN

x l¢’:f®g ]

M @ N’
where 9 is maps (z,y) to x ® y. Hence for any (x,y) € M x N, we have that
(z,9)0 = (z,y)vd' = (z@y)¢' = (z@y)f @ g,
which in view of the definition of ¢ implies that
(rey)feg=(2)f® )y
and the result follows. O

Corollary 2.2. Let f : M — M', f": M — M" g : N — N’ and
g: N' — N" be R-module homomorphisms. Then (f ® g) (f'®¢') = ff ®gd'.
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Proof. From Proposition 2.1, we have that f® g : M @ N — M’ ® N’ and
ff@qd: M@ N — M"® N"” are R-module homomorphism and therefore so

is the composition
(fog)(ff®yd): M&N — M"®N". (16)

Again on applying Proposition 2.1 to the compositions ff' : M — M"” and
g9 : N — N” we have an R-module homomorphism

fff®@gy Mo N— M"® N". (17)

We need to show that the mappings in (16) and (17) are the same. For this it is
enough to show that both the mappings coincide on the generators of M ® N.
For any (z,y) € M x N, z®y € M ® N on applying Proposition 2.1 to (16), we
have that

zey) (feg) (fed)=(z)fe W) (fed)=(2))fe(yg)g. (18)

Now on applying Proposition 2.1 to (17), we get that

(x@y) (ff'®gg) = (@) ff' @ Wged = () ) f@(y)g)g.  (19)
The result now follows form (18) and (19). O

Corollary 2.3. If 1,y : M — M and 15 : N — N are identity homomor-
phisms, then 1y @ Iy : M @ N — M ® N s the identity homomorphism on
M® N, i.@., 1M & 1N = 1M®N'

Proof. Exercise. m

Corollary 2.4. If f: M — M’ and g : N —> N’ be R-module isomorphisms,
then so is f ® g from M ® N into M' @ N'.

Proof. Since f and g are isomorphisms, so let f': M’ — M and ¢’ : N' — N
be there inverses. Then ff" =15, f'f = 1y and g¢' = 1y, 9'g = 15 and hence
from Corollary 2.2 and 2.3, we have that
(fog)(f®d)=Fff®©gd=1u® 1y =luen
and
(fed)(feg=Fffeodg=1wely = lwen.
From the above two equations it now follows that f ® ¢ and ' ® ¢’ are inverses

of each others, i.e., f ® g is an isomorphism. O
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Property 3. Tensor product distributes over direct sum, i.e., if M, N and P

are R-modules, then
(MeN)@PE(MeP)®d (N®P).

Proof. Let nyy : M — M & N, ny : N — M @& N be canonical injections and
vy M@ON — M, iy : M @& N — N be canonical projections. Then the

compositions satisfies
numm = 1y, vy =1y, nymy =0 and nymy = 0.
Now on using Corollary 2.2, we have the following compositions
M®P ™20 (M e N)o P M8 (g P

(y @ 1p) (my @ 1p) =y @ 1plp =1y @ 1p = Lygp; (20)

(ny @ 1p) (7y @ 1p) =y @ 1plp = Iy @ 1p = Ingp; (21)

(mu @ 1p) (tn @ 1p) = nuy @ 1plp =0® 1p = 0; (22)

nN®lp T ®Llp

N@P—— (M@&N) P —— M®P
(77]\[@1]3) (7TM®1P):77N7TM®1P1PZO®1PZO. (23)
Define amap f: (M@ P)® (N®P) — (M & N)® P by

(uw,v)f =W (M @1p)+ (V) (Ny®1p), ue M@P, ve N® P.

Then (verify) f is an R-module homomorphism. We now show that f is an
isomorphism.
f s injective. For any u € M ® P and v € N ® P, we have that

(w,v)f (@ 1p) = ((u) (ny @ 1p) + (v) (ny ® 1p)) (mar @ 1p)

(
= (u) (mv @ 1p) (v @ 1p) + (v) (ny @ 1p) (T ® 1p)
= (u)1pgp + (v)0 (see (20),(23))

11



(u,v)f (mar @ 1p) = w. (24)

Similarly we have that

(u,v)f (7y @ 1p) E(U) (v @ 1p) + (v) (Ny @ 1p)) (Tx @ 1p)

) @ 1p) (my @ 1p) + (v) (ny @ 1p) (Ty @ 1p)
= ()0 + (v)Inep (see (21),(22))
(U,U)f (7TN®1P) = 7. (25)

Now if (uv U) S kerf, then (U, U)f =0, which in view of (24) and (25)7 1mphes
that

u = (u,v)f (my ® 1p) = (0) (mpr ® 1p) =0,
and

V= (U,U)f(ﬂ']v@lp) = (0) (7TN®1P) =0.

Hence (u.,v) =0, i.e., f is one-one.

f is surjective. Let x € M,y € N and p € P be arbitrary, then (z,y) ® p €
(M®&N)@P,z@pe M®P and y®p € N® P. Therefore by the definition of
f, we have that

(z@pyep)f = (z® )(nM®1p)+(y®p)(nN®1p)
= ()nm @ (p)1p + (¥)un @ (p)1p
= (z 0)®p+(0y)®p
(r@pyep)f = (,9)®

Since the elements (z,y) ® p generates (M @& N)® P, the above equation implies
that f is surjective. m

Property 4. Let M be an R-module. Then on regarding R as a module over
itself, we have
R® M = M.

Proof. Define a map f: R x M — M by
(a,2)f =azx, a€ R, v M.

By properties of an R-module it can be easily verified (exercise) that f is R-

bilinear. Then by the universal property of the tensor product R ® M, there

12



exist a unique R-module homomorphism f': R ® M — M such that f = gf’,

i.e., the following diagram commutes

RxM 23 ReoM
\l’” ’
M

where g maps (a,z) — a ® . Now for any (a,z) € R x M, we have that
(a,2)f = (a,2)gf" = (a®@x) [,
which in view of the definition of f implies that
(a®x)f = ax.

We now claim that f is an isomorphism.
f is surjective. For any x € M, as R contains identity element, we have that
1®x e R® M and then

(1®x)f =1m=m,

so f’is surjective.

f is injective. An arbitrary element of R ® M is a finite sum of the form

for some a; € R and x; € M. Since M is an R-module, so the finite sum

Z a;x; = m for some m € M and therefore we have that an arbitrary element

o%R@Misofthe form 1 ® m. Now if 1 ® m € ker f, then
(1lem)f=0 = 1lm=0 = m=0,
ie., 1®m=1®0=0. Hence ker f = {0}, so f is injective. O

Remark 2.5. From Properties 1 and 4 it follows that for any R-module M,
RoM=MR=M.

13



3 Tensor Products and Exactness

In this section we show that taking tensor product gives rise to a covariant functor
from the category of R-modules to itself and prove that it is right exact but not

left exact.

Let Modg denote the category of modules over a commutative ring R and let
M be an R-module then for any object N of Modg, the tensor products M ® N
is an R-module and hence an object of the category Modpg. If we have a sequence

of R-module homomorphisms

N Lo N 2y N
\_/y ’
fg

then for the identity homomorphism 1,; of M, using Proposition 2.1 and Corol-

lary 2.2, we have the induced homomorphism of tensor products

M N 1u®f Mo N 10 ®g M®N”,

\_/

AuRf)(Auef)=1u®fg

and in particular for the identity homomorphism 1y : N — N we have, in view
of Corollary 2.3, that

M@ N MEWZIWeN o

Thus from what we have observed above if Fé‘f : Modp — Modp is a function
which maps the object N of Modg to the tensor product M ® N, i.e.,

FM(N)=M® N,

and the morphism f : N’ — N between the objects N and N of Modg to the
morphism 1,; ® f between the corresponding objects M ® N' and M ® N, i.e.,

FM(f) =1y ® f.

Then F2 satisfies all the properties of a covariant functor. The following result

shows that the functor F is right exact.

Theorem 3.1. Let N, N' and N” be R-modules. If

N L N2 N0, (26)

14



is an exact sequence of R-modules and homomorphisms, then corresponding se-

quence of tensor products
; 1u®f 1y ®g "
M@N — M@N — M N" —— 0, (27)
1s exact for each R-module M.

Proof. To prove that the sequence (27) is exact, we need to show that the ho-
momorphism 1;; ® ¢ is surjective and Im 1, ® f =ker 1y ® g.

1y ® g is surjective. To prove this it is enough to show that every generator of
M ® N” has a pre-image under 1, ® g. Let m®n” € M ® N”, for some m € M
and n” € N. Since the sequence (26) is exact, so g must be surjective, therefore
for the element n” of N” there exist some n € N such that (n)g = n”. Then
m®n € M ® N and we have that

(m@n)ly ®g=(m)ly®(n)g=men’

i.e., 1)y ® g is surjective.
Im1ly ® f =kerly ® g. Again as the sequence (26) is exact, therefore Im f =
ker g, which implies that fg = 0. In view of Corollary 2.2, we have that

Iy ®f) Iy ®g) =1yly ® fg =1y ®0 =0,

ie, Imly ® f Ckerly ® g, which gives rise to the natural homomorphism

M ® N R M® N
Imly ® f kerly, ® g

> M@N'" (.0 1y ® g is surjective)

given by
(r@y)+Imly @ f)lm=2& (y)g.

If we can show that 7 is an isomorphism, then Im1;; ® f = ker1; ® f and the
M&®N b
y

result will follow. Define a map #: M x N — ————

(z,y")0=2@y+Imly®f, (z,y")e M xN"

where (y)g = 3" for some y € N as g is surjective. We first show that 6 is well-
defined. Let y;,y2 € N be such that (y1)g = (y2)g = v”. Then (y; — y2)g = 0
implies that y; — y» € kerg = Im f, so there exist some 3y € N’ such that

y1 —y2 = (v')f. Then
TR — QY= (1 —y2) =2 ¥)f €lmly ® f

15



= 2@y +Imly @ f=rQy +Imly® f,

hence the image of (z,y”) under # is independent of the choice of pre-image
of 3 under g so # is well-defined. Verify that 6 is R-bilinear. Now by the
universal property of the tensor product M ® N”, there exist a unique R-module

homomorphism (say) 6" such that § = ¢#', i.e., the following diagram commutes

MxN' — s Mo N"

o b

M® N
Imly ® f

where ¢ maps (z,y”) — = ® y”. Then for any (x,y”) € M x N”, we have that
(,y")0 = (2,y")¢0 = (z @ y")¢,
which in view of the definition of 6 implies that
(x@y")0 =x@y+Imly ® f, where (y)g =", for some y € N.

We now claim that 70’ = 1 _wmen and 0'm = 1pgn». For any (z,y) € M x N,

Im1ly/®f

the element x ® y is a generator of M ® N, so

(zRy+Imly @ f)r0 = (z@ (y)g)0
= (2@y+Imly ® f)1_wmen

Imly®f

— 70 =1 MQN . (28)

Imly®f

As for any (z,y”) € M ® N”, the element = ® y” is a generator of M ® N”,

therefore

(z@y")0r = (zy+Imly® f)7, (y)g=1y", for somey € N

= r®(y)g
= r® y//
= (z®y") lyeny

— 01 = 1M®N”- (29)

From (28) and (29) it now follows that 7 and 6" are inverse of each other.Hence

7 is an isomorphism. O
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Remark 3.2. 1. The above result says that the functor F2' is right exact.
But it may not be left exact, e.g., consider the following short exact sequence of

Z-modules and homomorphisms
0—2-52-%72,—0

where f is multiplication by 2 and ¢ the canonical projection. If we tensor the

above sequence with the Z-mdoule Z,, then the induced sequence

12,® 12,®
02,027 25 2,02 25 2,07, — 0
is right exact but not left exact because the homomorphism 17, ® f is not injective
since it maps every element T®y of Zo ®Z to T®2y =21y =0®y = 0, but
Zo ® 7. is not a trivial Z-module.

2. If for an R-module M, functor Fg : Modgr — Modg mapping N to M @ N
is exact, i.e., both left and right exact, then M is called a flat module, or in other
words if tensoring with M transforms every short exact sequences to short exact

sequences, then M is called a flat module.
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4 Exercises

1. Show that Z,, ® Z,, = Z, (as Z-modules), where d = gcd(m,n). What

happens when m,n are coprime?
2. Prove that for any finite abelian group G, G ® Q = {0} as Z-modules.

3. Let I be an ideal of a commutative ring R and M an R-module. Show
that (R/I) ® M = M/IM, where IM is a submodule of M consisting of
all finite sums Z a;x;, a; € I and z; € M.

4. Find an example of a flat module.
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